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ABSTRACT 
Upper and lower bounds for the ratio between the spectral radius of a product 
of nonnegative matrices and the product of their spectral radii have been given 
by Johnson and Bru. We study the case of equality of the upper bound for a 
block cocyclic pair of nonnegative matrices. 
1. INTRODUCTION 
Recently, upper  and lower bounds for the rat io between the spectral  ra- 
dius of a product  of nonnegative matr ices and the product  of their  spectral  
radi i  have been studied in [2]. In that  paper a case of equal i ty for the upper 
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bound is given with a cocyclic pair of nonnegative matrices. Furthermore 
an example is given of one pair of noncocyclic matrices for which equal- 
ity occurs. In fact that example is a "block cocyclic" pair of nonnegative 
matrices. It leads to the study of the above-mentioned quality for block 
cocyclic pairs of matrices, which we introduce below. 
DEFINIT ION 1. We call the n-by-n, n = mk, nonnegative matrices A 
and B a basic block cocyclic pair if they take the form 
0 A1 0 .. .  0 
0 0 A2 .. .  0 
: : : 
0 O 0 .. .  Am-1 
Am 0 0 ... 0 
,B= 
0 0 ... 0 Bm 
B1 0 ... 0 0 
0 Be ..- 0 0 
: : : : 
0 0 ""  Bm-1 0 
A = 
(1) 
in which Ai and Bi are k-by-k nonnegative matrices, i = 1, 2 , . . . ,  m. 
With an appropiate block permutation matrix P we obtain the block 
cocyclic pair A = pTAp and B = pTBp such that the nonzero blocks of 
A and B appear in different positions, forming a full cycle. 
The cocyclic matrices tudied in [2] can be considered as the particular 
case of block cocyclic matrices in which the size of the blocks is 1 by 1. 
In this case, note that 1 is a common eigenvector for all the blocks. We 
ask what will occur, in the block case, if all blocks of the matrices A and 
B of (1) have a common eigenvector. In Section 2 we study, with this 
natural condition, the case of equality in the upper bound of [2] for a block 
cocyclic pair of nonnegative matrices. In Section 3, we construct a block 
cocyclic pair of matrices A and B such that equality is attained, for any 
given eigenvalues for the blocks Ai, Bi, i = 1, 2 , . . . ,  m. 
In this note we use, for convenience, the notation given in [2], part of 
which we recall. For two positive n-vectors x and y, we denote the n- 
vector that is the componentwise ratio of x to y by y or x/y.  We denote 
the minimum of the entries of x by Xmin and the maximum of the entries 
by Zmax. We denote by p(.) the Perron eigenvalue or spectral radius of an 
n-by-n matrix. 
2. EQUALITY WITH THE UPPER BOUND 
We study in this section a block version of Theorem 9 of [2], which we 
recall for completeness. 
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THEOREM 2 (Theorem 9 of [2]). Let A and B be an n-by-n basic co- 
cyclic pair of matrices with Perron positive right eigenvectors x and y, 
respectively. We then have 
p(AB) (x/y)max 
p(A)p(B) (x/Y)min 
if and only if (x/Y)max and (x/Y)min are  attained at consecutive components 
of the vector x /y  with the former preceding the later. 
If z is a vector with some components equal to zero, let ~ denote the 
vector from which all components equal to zero have been deleted. We 
start with a simple but basic lemma. 
LEMMA 3. Suppose that M1,M2, . . . ,A Im arc k-by-k nonnegative ma- 
trices, and suppose that a nonnegative k-vector v, with one component equal 
to zero, exists, satisfying 
Miv = p(Mi)v, i = 1 ,2 , . . . ,m.  
Then we have 
Ms = l-[ 0(M,) 
i=1 i-----1 
Proof. We suppose without lost of generality that k > 2. If M1, 
M2, . . . ,  Mm are nonnilpotent matrices, by Corollary 6 of [2] we have 
1 = (~)min(~)min ' ' '  (~)rni n 
< p(MIM2""  Mm) 
- p(M1)p(M2).. ,  p(Mm) 
~ (~)max (~)max''" (~)max : l' 
so that p(M1M2 " " Aim) = p(M1)p(M2) . ." p(Mm). 
If some matrix is nilpotent, it is clear that p(M1)p(M2).. ,  p(Mm) = O. 
On the other hand, let P be a permutation matrix such that 
[~]n--1 
"pTv= [OJl ' 
234 R. BRU, J. J. CLIMENT, AND C. R. JOHNSON 
Consider, without lost of generality that M1 is nilpotent, then 
n-1  1 
pTM1P= [ O0 OJla]n-l" 
Further, 
M2""  Mm = 
n--1 1 
o 
since the matrices involved in the product are nonnegative and have the 
same Perron eigenvector v. Therefore pTMIM2. . .  MmP is a nilpotent 
matrix, and hence p(MIM2 ... Mm) = O. • 
Suppose that A and B are a basic block cocyclic pair of nonnegative 
matrices uch that for i = 1, 2, . . . ,  m 
Ai and Bi are nonnilpotent, (2) 
and suppose that a nonnegative k-vector u, with one component equal to 
zero, exists, satisfying 
Aiu = p(Ai)u, (3) 
B,u = p(B,)u. (4) 
Then from Lemma 3 follow the next results for the matrices A and B 
given in (1). 
COROLLARY 4. Suppose that the nonnegative blocks Ai and Bi satisfy 
the conditions (3) and (4). Then 
1. P(I]i~l Ai) = [Ii~l p(A~), 
2. p(~Iim=l Bi) = ~i=l p(Bi), 
3. p(A~B~) = p(Ai)p(B~) for i = 1 ,2 , . . . ,m.  
LEMMA 5. Let A and B be the basic block cocyclic pair of matrices 
defined in (1). Suppose that the blocks Ai and Bi satisfy the conditions (3) 
and (4). Then 
1. p(A) m ,~ = ~/I]i=l p(A,), 
PERRON EIGENVALUE 235 
2. p(B) "~ m = p(B , ) .  
Proof. 1: It is clear that a(A m) = a(A1A2. . .  Am), in which a(.) de- 
notes the spectrum of a matrix. So if A E a(A) then A m E a(A1A2. . .  Am). 
Therefore by Corollary 4 
The proof of part 2 is similar. • 
LEMMA 6. Let A and B be the basic block cocyclic pair of matrices 
defined in (1). Suppose that the blocks Ai and Bi satisfy the conditions (3) 
and (4). Then 
max p( AB ) = l <_~<_m{p( A~)p( Bi ) }. 
Proof. Clearly p(AB) = maxl<~<m{p(A~B~)}. The lemma follows from 
Corollary 4. • 
THEOREM 7. Let A be a nonnegative matrix as in (1), and suppose that 
the conditions (2) and (3) hold. Then the kin-vector x = Ix T x T .. .  xTm] T
in which xl = u and 
p(A) 
xi = p(A1)p(A2)" p(A~-I) u' i = 2,3, . . .  ,m, (5) 
is a right Perron eigenvector of the matrix A. 
Proof. Let us compute Ax. For i = 1, 2 , . . . ,  m - 1, the ith block of the 
product Ax is, by (3) and (5), 
Aix~+l = A~ P(A)~ 
p(A1)p(A2) "" p(Ai) u 
p(A) i
= p(A1)p(A2) '"  p(Ai) p(A~)u 
p(A) i-1 
= p(A) p(A1)p(A2) '"  p(A~-I) u 
= p(A)x~. 
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For i = m, we have, by (3) and Lemma 5, 
AmXl -~ Ainu 
= p(Am)u 
p(A1)p(A2) •• ' p(Am- 1 )p(Am) 
p(A1)p(A2).. "p(am-1) 
p(A) m 
= p(A1)p(A2)"" p(am-1) u 
= p(A)xm. 
Therefore, Ax = p(A)x. 
THEOREM 8. Let B be a nonnegative matrix as in (1), and suppose that 
conditions (2) and (4) hold. Then the km-vector y = [yT yT ...  yTm]T in 
which Yl = u and 
p(B1)p(B2) •• • p(Bi-  1) 
y~ = p(B)i_ 1 u, i = 2, 3 , . . . ,  rn, 
is a right Perron eigenveetor of B. 
Proof. Similar to proof of Theorem 7. • 
Observe the difference between the vectors x and y of the last theorems. 
Whereas Yl = xl ,  the structure of y~ for i = 2 ,3 , . . .  ,m is "inverse" to 
that  xi. 
Now we have a generalization of Theorem 2 for the pair of matrices A 
and B defined in (1) and its Perron eigenvectors x and y given in the above 
theorems. 
THEOREM 9. Let A and B be the basic block cocyclic pair of matrices 
defined in (1). Suppose that blocks Ai and B~ satisfy the conditions (2)-(4). 
Then 
p(AB) _ (x/Y')max (6) 
p(A)p(B) (x/Y')min 
if and only if (x/Y)ma~ and (x/Y')mln are attained at consecutive block com- 
ponents of the vector ~/~, where x and y are the Perron eigenvectors of A 
and B respectively. 
Proof. By Corollary 6 and Theorem 7 of [2] we have 
p(AB) < (~/Y)max 
p(A)p(B) -  (x/Y')min 
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By Lemmas 5 and 6 
p(AB) = maxl<i<_m{p(Ai)p(BO} 
p(A)p(B) ~/]-]m 1 p(A,)p(B 0
Next, using Theorems 7 and 8 we have, for i = 1, 2 , . . . ,  m, 
p(A) i-1 
(y )  = p(A1)p(A2)'"p(Ai-1)u= 
p(B1)p(B2)"" p(Bi- 1) ~ i - - i  I-I j=l  p(Aj)p(Bj) 
p(B) i-1 
where ~ is the (k - 1)-vector with all components equal to 1. 
Lemma 5 
i -1  
m m 
Let il and i2 be the block indices such that 
= l-[i1-1 
max l i j=l  p(Aj)p(Bj) 
and 
Then 
m B (x )  (~[ i j= lp (A j )p (  j ) )~- I  
~ T] . i2_  1 
min  l l j= l  p(Aj)p(Bj) 
Tli2 -1 (x/y')max . , j=~,  p(Aj)p(Bj) 
rn m (x /y )min  (¢ I - I j= lP (A j ) f l (B j ) )  *2zl  
in which the indices are interpreted mod m. 
Let i3 be a block index for which 
[P(A)p(B)] ~-1 ~, 
p(A~,j)p(Bi3) = max {p(AOp(B~) }. l<_i<_m 
If the equality (6) holds, using (7) and (8), we have 
p(Ai~)p(Bi~) 
~'/[-[~=1 P( A~)p( BO 
- I i2 - -  i j=il p(Aj)p(Bj) 
(7) 
Now by 
(8) 
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in which indices are interpreted mod m. Because the right-hand side is 
a maximum over such ratios and the left-hand side is one of the ratios 
over which the maximum is taken, we conclude that i2 = il + 1 (rood m) 
and i3 -- il is consistent with the definition of these indices, and that the 
condition of the theorem is necessary. 
On the other hand, if i2 = il + 1 (rood m), then by (8) 
(x/Y)max p(Ai~)p(Bi~) 
(x/Y)min "~/I'Ij=lm p(Aj)p(Bj)' 
which then is, in particular, the maximum value of 
p(A,)p(Bi) 
~/]-Ij~=l p(Aj)p(Bj) 
or p(AB)/p(A)p(B), which completes the proof. • 
REMARK 10. The condition that one component of u is equal to zero 
arises from Corollary 6 of [2] needed for the proof of Lemma 3. Of course, 
if all components ofu are positive, all the above results remain valid. How- 
ever, if the vector u has more than one component equal to zero, Corollary 
4 does not hold, as the following example shows. 
EXAMPLE 11. 
with 
and 
Let [o [o 
A= A2 O ' B= B1 
A1 = 0 1 , A2 = 0 
0 3 
B1 = 0 , B2 = 0 . 
4 0 
Clearly A1, A2, B1, and B2 are nonnilpotent, and for i  = 1,2 we have 
Aiu = p(Ai)u, 
Biu = p(Bi)u 
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for u = [1 0 0] T. Since p(A1A2) = 36 ~ 2 × 4 = p(A1)p(A2), Corollary 4 
does not hold. (In fact, none of the conclusions of Corollary 4 holds.) 
In the same situation (i.e., more than one component of u is equal to 
zero) we ask if the conclusion of Theorem 9 can hold. For the matrices of 
Example 11 the conclusion holds, as we show in Example 12, but for the 
matrices of Example 13 the conclusion does not hold. 
EXAMPLE 12. For the matrices A and B of Example 11 we have 
p(AB) = max{p(A1B1),p(A2B2)} 4 
p(A)p(B) ~ ~  3 
On the other hand, x = [0 2 0 I 0 0 1] T and y = [0 3 0 I 0 0 2] T are Perron 
eigenvectors of A and B respectively. So ~/~ = [2 I ½IT and (x/Y)max and 
(x/Y)min are attained in components 1 and 2 respectively. In this case 
4 p(AB) 
= ~, that is, = 
(x/Y)min ~ p(A)p(B) (x/Y)min 
EXAMPLE 13. 
with 
and 
For the matrices 
A = A2 O ' B1 ' 
A1 = 0 , A2 = 0 
0 2 
B1 = 0 , B2 = 0 , 
4 0 
we have that A1, A2, B1, and B2 are nonnilpotent and for i -- 1,2, 
A~u = p(Ai)u, 
B~u -= p(B~)u 
for u = [1 0 0] T. Since p(A1A2) = 16 ~ 2 × 4 = p(A1)p(A2), Corollary 4 
does not hold. (In fact, none of the conclusions of Corollary 4 holds.) 
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Now, we have 
p(AB) max{p(A1B1), p(A2B2)} 4 
3 p(A)p(B) ~ V/~B1B2) 
On the other hand x = [1 4 0 J 2 0 2] T and y = [2 12 0 I 3 0 8] T axe 
Perron eigenvectors of A and B respectively. So ~/~ = [½ ~ I 2 ¼]T, and 
(X/y')m~× and (~/Y')min are attained in components 3 and 4 respectively, 
but 
s p(AB) 
= 2, that is 
(~/Y')mi~ ~ p(A)p(B) (X/y')min 
We want to emphasize that in Example 12, (~/Y')max and (x/y')min axe 
attained in different blocks, whereas in Example 13, they are attained in 
the same block. 
Now we give an example in which the blocks of matrices A and B have 
different positive Perron eigenvectors. 
EXAMPLE 14. Let 
A= A2 O ' B1 ' 
with 
3 , A2 = 2 1 B1 = B2 = . 
A1 = 12 10 5 ' 33 12 ' 10 
The Perron eigenvectors of the matrices A1, A2, B1, and B2 are [1 4] T, 
[1 5] T, [4 12] T, and [2 4] T respectively. Since p(A1A2) = 48 ¢ 7 × 7 --= 
p(A1)p(A2), the conclusion of Corollary 4 does not hold. 
A direct computation shows that p(AB) = max{p(A1B1), p(A2B2)} = 
max{162, 60} = 162. Then 
p(AB) 162 
p(A)p(B) ~ × 209 
On the other hand, 
x=[8  32 ~-8  5vf~] T and y=[ l l  22 ~ 3 2vf2"~] T 
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are Perron eigenvectors of A and B respectively. So (x /Y)m,x and (x/Y)min 
are attained in components 2 and 3 respectively, and 
(x/Y)max 16 2V~-09 
(x/Y)mi n l l x /~  
Clearly 162/v /~ x 209 < 16 2x /~/ l l x /~.  
REMARK 15. We have not found all cases of equality in the upper 
bound of Theorem 9 of [2] (our Theorem 9 characterizes the cases of equal- 
ity under the assumption of a common eigenvector with no more than 
one nonzero entry and of block cocyclic matrices). The question of char- 
acterizing all cases of equality that are not block cocyclic, or block co- 
cyclic without common eigenvectors, is a research problem that we have 
not been able to answer. An anonymous referee pointed out a case of 
equality for a noncocyclic pair of matrices. Let x and y be any posi- 
tive n-vectors, and let ei and ej denote the ith and j th  standard ba- 
sis vectors respectively. If A = xe T and B = ye T, then neither A nor 
B is cyclic, nor do they share a common Perron eigenvector if i ~ j 
and x ~ y. However, for these matrices, it is easy to verify the equa- 
lity (6). 
3. EXISTENCE OF A BLOCK COCYCLIC PAIR 
WITH EQUALITY 
Here we deal with the block version of Theorem 11 of [2]. 
THEOREM 16. For any two positive m-vectors [~1 ~2 "'" am] T and 
[~1 ~2 "'" ~m] T and/or  any k > 1, i f  we define the vectors 
[xi] I le] [Yil r lel x2 a2e y2 flee x= = . , y= = . , 
x kame.l y k/3meJ 
in which e is the k-vector with all components equal to 1, then a block 
cocyclic pair of  km-by-km nonnegative matrices A and B exist, satisfying 
Ax  = p(A)x,  By  = p(B)y  (9) 
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and 
p(AB)  _ (x/Y)max 
p(A)p(B)  (x/Y)min 
(10) 
Proof• Let il and i2 be the block indices such that (x /y)m ~ = ai~/3~, 
and (x/Y)min = ai2//3i2. Let P be a block permutation matrix such that 
the block indices il and i2 are consecutive for Px /Py .  Suppose that 
Px  = 
[ XQ 
Xi,,,, 
and Py  = [ Yil Yi2 
kYim 
For j = 1, 2 , . . . ,  m define the k-by-k nonnegative and nonnilpotent ma- 
trices 
"010  
001  
As _ a~j 
0~ii+1 
000 
100  
• • " 0 -  
" '•  0 
• ••  1 
• *•  0 
Bj  - 3ij+l 
3i i 
0 0 . . .  0 
1 0 . . .  0 
0 1 . . .  0 
: : 
0 0 . . .  1 
. 
0 
0 , 
0 
in which the indices are interpreted mod m, and consider the basic block 
cocyclic pair of matrices 
X= 
0 A1 0 .-- 0 
0 0 A2 ... 0 
: : : 
0 0 0 "•  Am-1 
Am 0 0 ... 0 
0 0 "" 0 Bm- 
B1 0 -'• 0 0 
0 B2 "'" 0 0 
: : : : 
0 0 •'" Bin-1 0 
For j = 1,2, . . .  ,m it is clear that p(Aj )  = a~/a~j+ 1, A je  = p(A j )e  and 
p(B j )  = 3ij+i/3i j ,  B je  = p(Bj)e,  so by Remark 10 and Lemma 5 
p(X) = I J=' p(Aj) = i, (11) 
P(/~) = 1 j : l  f i  p(Bj )  = 1. (12) 
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Now, for j = 1 ,2 , . . . ,m,  a direct computation shows that Ajxij+l = 
p(A)xi~ and Bj-lYi~_I = P(B)Yi~, in which the indices are interpreted 
mod m. Therefore 
.4Px = p(A)Px, (13) 
BPy = p(B)Py. (14) 
Then by Theorem 9 and Remark 10 we have 
p(AB) _ (Px/PY)m~x 
p(A)p(B) (Px/PY)min 
Now it is clear that the matrices 
(15) 
A = pT ~p and B = pT ~ p 
are a block cocyclic pair. The equality (10) follows by (15), and the equal- 
ities (9) follow by (11), (13) and by (12), (14), respectively. • 
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